Lq-alg/0401088j 

Cayley— Klein Contractions of 
Quantum Orthogonal Groups 
in Cartesian Basis 

N.A. Gromov, V.V. Kuratov 

Department of Mathematics, Syktyvkar Branch of IMM UrD RAS, 
Chernova st., 3a, Syktyvkar, 167982, Russia 
E-maih gromov@dm.komisc.ru 

Abstract 

Spaces of constant curvature and their motion groups are described most 
naturally in Cartesian basis. All these motion groups also known as CK 
groups are obtained from orthogonal group by contractions and analytical 
continuations. On the other hand quantum deformation of orthogonal group 
SO{N) is most easily performed in so-called symplectic basis. We reformulate 
its standard quantum deformation to Cartesian basis and obtain all possi- 
ble contractions of quantum orthogonal group SOq{N) both for untouched 
and transformed deformation parameter. It turned out, that similar to un- 
deformed case all CK contractions of SOq{N) are realized. An algorithm 
for obtaining nonequivalent (as Hopf algebra) contracted quantum groups is 
suggested. Contractions of SOq{N), A = 3, 4, 5 are regarded as an examples. 

1 Introduction 

Systematic definitions of quantum deformations of classical simple Lie groups 
and algebras as well as descriptions their properties was given in P . Simple 
Lie groups and algebras are transformed by the contraction operation first 
introduced by E. Wigner and E. Inonii to a nonsemisimple ones. Quantum 
analogues of the nonsemisimple low dimensions Lie algebras was obtained by 
contractions of quantum algebras S0q{3) , suq{2) , jS]^[ZI and contractions of 
low dimensions quantum groups was discussed in |H1-[ID1- Two types of con- 
tractions was discovered: with untouched deformation parameter (in 
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for quantum algebras and in jni,[ini for quantum groups) and with trans- 
formed deformation parameter jl] , jS] , [Z] , |H] • For the last case the quantum 
deformations of the algebras of the maximal symmetric motion groups of 
the A^— dimensional flat spaces was constructed in [TTj. 7— Poincare quan- 
tum group was obtained by contractions of the orthogonal quantum group 
SOq{N) 112] • Quantum Euclid group E^{2) was described both by contrac- 
tion of SUq{2) jini and by direct quantization of Lie-Poisson structure [Tl] . 
A separate line of investigation is presented by the i?-matrix approach to the 
quantum analogues of Euclid, Heisenberg and inhomogeneous groups [T3]- 

CHI- 

It is well known that the motion groups of all 3^ ^ (A^— l)-dimensional 
constant curvature spaces may be obtained by contractions and analytic con- 
tinuations of the classical orthogonal group SO{N). Cayley-Klein groups is 
the short name for this set of groups. The fundamental orthogonal A'^A = I 
matrix A G SO{N) is replaced by the matrix A{j) whose elements {A{j))kp = 
(fc, p)akp, {k, p) = U^^}n{k,p} 3h k,p = 1, . . . ,N are subject of the additional 
j-orthogonality relations A{jyA{j) = 1, where the parameters jk takes three 
values each jk = l,Lk,'i- The commutative ikt-p = i^pik 7^ 0, k ^ p nilpo- 
tent l\ = units Lk are corresponded to contractions and the imaginary unit 
= — 1 to analytic continuations. 

In the case of the quantum orthogonal group SOq{N) additionally the 
deformation parameter q = expz is transformed as follows z = Jv, J = 
{1,N), where v is the new deformation parameter . At the same time the 
quantum group contractions with untransformed deformation parameter are 
known 0,^0] • For unification of both such cases in one approach the con- 
cept of different couplings of Cayley-Klein and Hopf structures was suggested 
PT] , [22] ■ It is well known that quantum groups are Hopf algebras and Cayley- 
Klein structure is defined by the distribution of the contraction parameters 
j among the elements of the generating matrix. For the quantum orthog- 
onal group in so-called "symplectic" basis (where the invariant quadratic 
form for g = 1 is defined by the matrix Cq with all null elements except 
units on the secondary diagonal) this concept was realized in (221^123 by the 
substitution in standard machinery of quantum group the generating matrix 
To-(j) = D„A{j)D~^, Dcr = DVa, where the matrix D is the solution of 
the equation D^CqD = I and describe transformation from Cartesian basis 
to symplectic one. The matrix V^j, (K-)ifc = ^cT^,k, where a G 5'(A^) is a 
A^ order permutation, define the distribution of the contraction parameters 
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in Tfj{j). In this case the transformation of the deformation parameter de- 
pend on permutation a. All permutations which leads to untouched ( J = 1) 
deformation parameter and some permutations which correspond to trans- 
formed ones are enumerated in j2Sl^[25j. The contracted quantum groups 
SOy{N; j] a) in these papers were regarded as Hopf algebra over Pimenov 
algebra D{l) generated by nilpotent commutative generators. It turned out 
that not all Cayley-Klein contractions are admissible for quantum groups in 
this assumption which therefore is too restrictive. 

The main statement of the algebraic structures contraction method is to 
take into account in all relations only principal parts with respect to tending 
to zero contraction parameter and to neglect all others. Therefore in this pa- 
per in all relations of quantum group theory only principal (complex) terms 
are taken into account and all other terms with nilpotent multipliers are 
neglected. Besides contractions of orthogonal quantum groups SOv{N;j; a) 
are regarded in more usual Cartesian basis. For untouched deformation pa- 
rameter results are the same as in [23^123 and for all other permutations 

n 

deformation parameter is multiplied by J = [J (cr^, cTk'), where n is integral 

k=l 

part of N/2. The unification of multipliers (ufc, cTp) U {am, cTr) is understood as 
the first power product of all parameters jk which appear at least in one mul- 
tiplier (cTfc, (Tp) or {am, (Tr)- FoT example, (jij2) U (J2J3) = jij2j3- It turned out, 
that the full scheme of CK contractions are realized for the quantum group 
SOq{N). Not all identically contracted quantum groups corresponding to dif- 
ferent permutations a are nonisomorphic. Quantum groups isomorphism is 
connected with the notion of equivalent distributions of nilpotent parameters 
in generating matrix. Nonisomorphic contracted quantum groups are corre- 
spond in the first place to generating matrices with nonequivalent distribu- 
tions of nilpotent parameters and secondly to equivalent generating matrices 
but with different transformations of deformation parameter (Ji 7^ J2). As 
an example quantum groups 5*0^,(3; j; a) are considered in detail and noniso- 
morphic contractions are given for quantum groups SOv{N]j] a), N = 4,5. 
The russian version of this paper was published in |26j . 

2 Definition of quantum group SOv{N] j] a) 

Let us start with an algebra T){{U{j] a))ik) of noncommutative polynomials 
of A^^ variables, which are an elements of generating matrix {U{j]a))ik = 
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((Tj, ak)ua-^a-k- Let us introduce the transformation of the deformation param- 
eter g = as follows: z = Jv, where f is a new deformation parameter and 
J is some product of parameters j for the present unknown. Let Rv{j), C.o{j) 
be matrices which are obtained from Rq,C respectively by the replacement 
of deformation parameter z with Jv. The commutation relations of the gen- 
erators f/(j; cr) are defined by 

Rvij)U,ij; a)U2ij; a) = U^ij; a)U,ij; a)Kij), (1) 

where 

Ui{j; a) = U{j; a) ® /, U2{j; cr) = I ®U{j; a), 

u{r, a) = vMj)v-\ iV,)^k = S.^k, 

Rv{j) = P ® D)-^R,{j){D ® D), R,{j) = Rg{z ^ Jv), 

^ ( I Co \ 
D-^ = ^\ V2 \,N = 2n + l, 

Cq is the n X n matrix with all null elements except units on the secondary 
diagonal and the explicit form of the matrix Rg in Cartesian basis is given 
in Appendix 1. The additional relations of (f , j)-orthogonality are hold 

U{j; a)C,{j)U\r, a) = C,{j), U\r, a)C;\j)U{r, a) = C;\j), (2) 

where C = Coq^, and p = diag{pi, . . . , pn), {Co)ik = k'k, i, k = 1, . . . , N, i' = 
N+l-t, that is {C),k = q'^'S.k and {C-'),k = q'^'Sek, C,{j) = D-^C,{j){D')-\ 

, , f -§,..., i,0,-i,...,-n+ i), Ar = 2r2 + 1 

• • • ' \ (n - 1, n - 2, . . . , 1, 0, 0, -1, . . . , + 1), iV = 2n. 

The quantum orthogonal Cayley-Klein group SOy{N; j; a) is defined as 
the quotient algebra o/ D((f/(j; cr))^^) by relations m),^. 

Formally SOv{N;j; a) is a Hopf algebra with the following coproduct A, 
counit e and antipode 5* : 

e(f/(j; a)) = I, Af/(j; a) = a)®f/(j; a), 

S{U{r,a)) = C,{j)U\r,a)C;\j), (3) 

where {A^B)ik = J2p^ip ® Bp^. The explicit form of antipode is given in 
Appendix 2 and (f ; j)-orthogonality in Appendix 3. 

Remark. All relations for the quantum group SO^{N; j; a) may be ob- 
tained from the corresponding relations for SOq{N) in Cartesian basis 
by replacement z ^ Jv and un. — > (cj, ak)u„.„i_. 



4 



3 The basic theorem 



According to the algebraic structures contraction method in all relations of 
the previous section for nilpotent values of j only principal (complex) terms 
are taken into account and all other terms with nilpotent multipliers are 
neglected. Relation is called admissible, if it is possible to select a principal 
terms. Otherwise relation is called inadmissible. For example, equation 
a + Lib + L2C = oi + Lid is admissible equation and is equivalent to a = ai, 
whereas equation Lib + L2C = LiL2d is inadmissible. 

The formal definition of the quantum group SOy{N; j; a) should be a 
real definition of contracted quantum group, if the proposed construction is 
a consistent Hopf algebra structure for the principal terms of all relations 
under nilpotent values of some or all parameters j. In other words, if all 
relations of the previous section are admissible. The following theorem holds. 

To prove the admisibility of the relations it is necessary to have their 
explicit expressions. Such expressions are obtained for coproduct, counit, 
antipode and (v, j)-orthogonality relations for arbitrary A^. Commutation 
relations (Q) for generators of orthogonal quantum group are written as an 
overdetermined equation system and its explicit solution has obtained only 
for = 3. The following theorem holds. 

Theorem. // the commutation relations for generators are defined and 

n 

the deformation parameter is transformed as z = Jv, J = [J {<^k,o'k'), then 

k=l 

all Caley-Klein contractions of quantum groups SOy{N; j; a) are allowed. 

Proof. Let us prove consistency of our construction for most singu- 
lar case when all parameters j are nilpotent. Counit e{uo-iak) = 0, i 7^ 
k, e{uo-^o-k) = 1) ^ = l,...,n do not restrict the values of j. Multiplier 

N 

Cikr = (o-j, Crr){crr, Crk){ai, 0-fc)~^ in coproduct A(u^^^J = ^ CikrUa.ar ® UurUk 

r=l 

is equal to 1, if ai < a,. < ak, is equal to (cxfc, 0"^)^, if ai < ak < (Tr, and is equal 
to (cTr.,(Tfc)^, if ar < <Jk < o'i, therefore all expressions for coproduct are ad- 
missible for nilpotent values of all j. Because of symmetry (cij, ak) = {(Jk, o'i) 
it is sufficiently to examine the case < Ci. 

Let us analyze antipode S{U (j; a)) (see Appendix 2). Terms {ak, ak')~^smh.{Jvpk), 
k = 1, . . . ,n, are appeared in expressions (jSip for p = n + 1 — k. They are 
well defined if one take multiplier J equal to the first power product of all pa- 
rameters jk which appear at least in one multiplier {ak, ak>)^^, k = 1, . . . ,n. 
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that is J = [J (cTfc, cTfc/). Let us verify that all expressions for antipode are 

k=l 

admissible. For nilpotent J one have sinhJ = J, cosh J = 1. Two types of 
multipliers are appeared in antipode: 

AkMia) = J\ 7 r , BkM[a) = J 7 r , 

where k = 1, . . . ,n, M = 1, . . . , N, a = ±1. All these multipliers are well 
defined for nilpotent values of j. Since a = ±1, then without loss of generality 
one assume ak < <7k'- For AkA-iict) there are three possibilities: (z) ak < ctm < 
ay, {ii) (Jm < < cry, {in) at < ay < au- In the case (z) v4fcM(l) = 
(c^fc,c^M)^ v4fcM(-l) = (o-M,o-fc/)^ in the case (ii) ^^.^(1) = 1, A-mI-I) = 
(o-fc, o-fc/)^, in the case (m), on the contrary, ^^^(1) = {crk,cry Y, AkM^-'^) = 
1. Multipliers BkM{oi) all the more are well defined in view of J^. In particular, 
for most unfavorable case um' < o"m < cTfc < o'y one have the fraction 
(cfc, crM)(c"fc'C"Af')~^ = {aM,CFM')^^{.0'k,ay)^^ , but .P contain the multiplier 
(ctm, c"M')('^fc5 "^fc')) therefore BkMiX) remains nonsingular. If J = 1, then 
^fcM(tt) = BkM^Oi) = 1. Because of arbitrary choice of k and M multipliers 
AkM{c() and BkM{o:) are well defined for all values of k and M. 

Besides Hopf structure the (w, j)-orthogonality relations (j^^HBUjl . lj^ are 
imposed on generators of quantum group SOv{N]j; a). Equations 
and ((Tj) for /c = p evidently are admissible. Equations (jSH) , (jSSl) for P = 
n+1 — k after division of both parts on [a^, ay) have terms with multipliers 
CkMk', which are equal to 1, if a^ < au < cry and are some product of 
otherwise. Therefore these equations are admissible The rest equations of 
(f , j)-orthogonality have terms with coefficients 

_ {aK,(TM){o-M,crp) _ JaK,crr){ap,ari) 

^KPM — 7 ^ 5 ^KPr — J - 



{aK,o-p) {aK,o-p) 

where K, P, M = 1, . . . , N, r = 1, . . . ,n. These coefficients are well defined 
for all nilpotent values of j. For A^pm it is easily follow from the analysis 
of three possible cases: (i) ax < cta/ < o"p, (ii) au < ctk < crp, iiH) ctk < 
ap < aM- Moreover in the case (i) Akpm = 1 and corresponding terms 
are complex. Nonsingularity of Bkpt follows from simple analysis of three 
possible cases: (a) ax < CTr < ap < a^i, (6) ax < crp < ar < ar', (c) ax < 
a^ < a^i < ap. 
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Thus we conclude, that (f , j)-orthogonahty relations are admissible for 
any permutations and for nilpotent values of any parameters, therefore they 
do not restrict contractions of quantum group. 

4 Nonisomorphic contracted quantum groups 

If all parameters = 1, then the map Uik (o"j, ak)U(j.(j^ is invertible and all 
quantum groups SOv{N; j; a) for any a & Sn are isomorphic as Hopf alge- 
bras. Nonisomorphic quantum groups may appear under contractions when 
all or some parameters j take nilpotent values. It is clear that nonisomorphic 
quantum groups are appear under contractions with different numbers of pa- 
rameters. Contractions on the same parameters, but with different transfor- 
mations of deformation parameter (with different J) naturally give in result 
nonisomorphic quantum groups. Isomorphic quantum groups may appear 
under contractions of SOy{N;j; a) with different a by equal numbers of pa- 
rameters, when multiplier J include equal numbers of parameters (but not 
necessarily the same) or when J = 1. In our approach contractions of quan- 
tum groups (even on equal numbers of parameters) are distinguished by the 
distributions of nilpotent parameters j in generating matrix U{j; cr). Really, 
all relations of quantum group theory (commutators, (f , j)-orthogonality, 
antipode, coproduct and counit) depend on permutation a by means of gen- 
erating matrix, while matrices Rv{j), Cy{j) depend on a via transformations 
of deformation parameter, that is via J. Isomorphism of contracted quantum 
orthogonal groups is described by the following theorem. 

Theorem. Quantum groups 5'0^(iV; j; ai) and SOu,{N; j; (72) are iso- 
morphic, if the following relations for their generators holds: 

Uij;a,) = V^Uij;a2)V-\ (4) 

where matrix V„, a E S^- satisfy 

(K ® K)i?«,(j)(K ® V^)-' = R,{j), V^C^{j)V^ = d(j) (5) 

forw = ±f and Ji = J2 with possible replacement on j^^k, k = 1, . . . , N— 
1. 

Proof. Commutation relations of SOv{N\ j\ai) after transformation 
take the form 

i?.(j)(K ® K)f/i(j; a2)t/2(j; a2)(K ® V,)-' = 
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or after left multiplying on (V^ (g) K-)^^ and right multiplying on (g) V^, in 
the form 

(K ® ® K)f/i(j; fX2)f/2(j; aa) = 

^2(j; cx2)Ui{j; a2){V^ ® V^)-'R,{j){V^ ® K), 

which give first equation in Antipode (j2I) after transformation (jH) take 
the form 

or 

S{u{r,a2)) = v-'c,{j) {v-'yu\r,a2Kc;\m. 

The last equation is just antipode of SOv{N;j; (T2), if take into account the 
second equation in (0). At last, (f , j)-orthogonality relations (j21) after (jH) 
take the form 

or 

Uir,a2)v-'c^ij) {v-'yu\r,a2) = v-'c^U) {v^y\ 

which evidently is condition ^ for matrix C^ij)- 

As a consequence of theorem is the following algorithm of obtaining of 
nonisomorphic contracted quantum groups. One call two distributions of 
nilpotent parameters among elements of generating matrices U{j; ai), U{j; (72) 
equivalent, if they are connected by two operations: 1) they pass in each 
other by the permutations of the same columns and rows of generating 
matrices, that is by (j^; 2) matrices pass in each other by reflection rela- 
tive secondary diagonal with possible simultaneous replacement of jk with 
jN-k, k = 1, . . . , N — 1. Nonisomorphic contracted quantum groups are cor- 
responded in the first place to the nonequivalent generating matrices and 
secondly to equivalent generating matrices, but with different transforma- 
tions of deformation parameters (Ji 7^ J2). For illustration of algorithm all 
nonequivalent contractions of quantum groups SOy{N; j;a), N = 3,4,5 shall 
be regarded in the next sections. 
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5 Quantum groups S0v{3]j]a) 

Quantum group 5*0^(3) has four nonisomorphic contracted groups: two Eu- 
clid groups E^{2) = SO^{3;Li,j2;cro), J = t^i, E^{2) = 50^(3; ti, 1; a), J = 
1, where (Tq = (1,2,3), a — (2,1,3), and two Gahlei groups G°(2) = 
SOy{3; Li, L2; ctq), J = L1L2, Gy{2) — S0y{3; li, L2; a), J = L2- For compar- 
ison, nondeformed complex rotation group SO (3) has two nonisomorphic 
Cayley-Klein contracted groups: Euclid group E{2) and Galilei group G{2). 

5.1 Quantum groups SOy{S;j;aQ), ctq = (1,2,3) 
Let Ci — cosh Jv, Si — sinh Jv, J — jij'2. Generating matrix 



U{j) = 



/ Uu jlUi2 jlj2Ul3 ^ 

jlU21 U22 32U22, 
\ jlj2U3l J2^i32 Us3 J 



(6) 



satisfy (v,_7)-orthogonality relations: (i) U{j)Cv{j)U^{j) = Cv{j), i.e. 

iJSi[ui3,Uu] = Ci{uli + J'^ul^ - 1) + JiMi2> 

iJSi[u23,U2i] = Ci{jlul^ + jlul^i) +UI2 - 1, 

iJSi[u33,U3i] = Cl(J^M3i +M33 - 1) +jiul2, 
UuU2ljlCi - iUi3U2ljlJSi +jlUi2U22 + ^13^23 72 -''C'l + «MllM23j25'l = 0, 

U11U31JC1 - iuisUsiJ'^Si + JU12U32 + U13U33JC1 + iunUssSi = iSi, 

U21U3131JC1 - iU23U3lj2JSi+ j2U22U32+ 32U23U33C1 + ilt2lM33jl'S'l = 0, 
U2lUlljlCi - iU23Uuj2Si + jiU22Ui2 + U23Ul3j2JCi + ^^^21^il3JW'5'l = 0, 

U31U11JC1 - iu33UiiSi + JU32U12 + U33U13JC1 + iu3iUi3J'^Si = -iSi, 

U3lU2ljlJCi - iU33U2ljlSi + j2U32U22 + M33«23j2Ci + iU3iU23j2J Si = (7) 

and (ii) U{jyC-\j)U{j) = C-\j), i.e. 

iJSi[uii,U3i\ = Ci{ul-^ + J^uli - 1) + JiXi21> 

iJSi[ui2,U32] = Ci(jiMi2 + J2W32) + "22 " 1> 
iJSi[Ui3,U33] = Ci(m33 + J'^ul^ - 1) + jlul^, 
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jiUnUuCi + iu3iUi2jiJSi+ jiU2iU22 + JUS1U33C1 - iunUssSi = 0, 
JuiiUisCi + iusiUi^J'^Si + JU21U23 + JU13U33C1 - iuiiUs^Si = -iSi, 

jlJUuUnCl + iu-i2Uvij2JSi + J2M22M23 + j2M32^^33Cl " ^Ml2^^33jl'S'i = 0, 
jlMl2MllCi + W32Mllj25'i + jlM22M21 + j2JUs2U3lCi - iUuUsijiJSi = 0, 

JuisUiiCi + ius^UiiSi + JU23U21 + JU33U31C1 - iuisUsiJ'^Si = iSi, 

jlJui3Ui2Ci + iU33Ui2jlSi + ^21*23^*22 + 32U33U32C1 - iUi3U32j2J Si = 0. (8) 

There are three independent generators, for example, ?ii2! ^is, ^23) which 
are situated above diagonal. Their commutators are obtained from RUU- 
relations Rv{j)Ui{j)U2{j) — U2{j)Ui{j)Ry{j) and are in the form 

sinh Jv 

[«12,M23] = i J M22(Mi1 " U33) , 

[«13,M23] = M23 |(cOshJv - 1)mi3 - i^^^y^M33| , 

(coshJv - l)tii3 + i — J — uii\ui2. (9) 

An associative algebra SOy{3; j; ctq) is Hopf algebra with counit e{U (j)) = 
/, i.e. €{uik) — 0, e{ukk) — 1, coproduct AC/(_7) = U{j) (8) U{j) in the form 

Aui2 = Uii®Ui2+Ui2®U22+jlui3®U32, Au2l = M21®Mii +M22®M21 +i|«23®M3i , 

AU23 = U22<^U23+U23<S>U33+jlu21<S>Ui3, AU32 = ^^32<8)^i22+^i33<8)^^32+Jl^i31<8)^il2, 
Aui3 = Uii(S)Ui3 + Ui2<^U23 + Ui3(S)U33, AU31 = 1*31 +^i32<8) 1*21 +^^33® 1*31 , 

Artii = Uu ® Itll + iiMl2 ® U21 + J^Ui3 (8) M31, 

AU22 = U22 ® M22 + jlM21 ® M12 + j2M23 ® ^32, 

AM33 = M33 (g) M33 + 72^^32 (g) M23 + J^U3i (g) Ui3, (10) 

and antipode S{u{j)) — Cy{j)U^{j)C~^{j), where 

S{Ui2) = M2lCOSh( — ) +«J2^*23jSinh( — ), 
5(M2i) = Ml2COSh( — ) + zj2M32-jSinh( — ), 
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S{U23) = M32COSh( — ) - lJ^Ui2jSmh{ — ), 
S{Us2) = W23COSh( — ) - ZJili21-ySmh( — ), 

Jv Jv 1 1 

S'('Ui3) = ii3iC0sh^(— ) + 'Ui3sinh^(— ) + i-(w33 - Uu)jsmh{Jv), 

Jv Jv 1 1 

S{u3i) = Mi3Cosh^(— ) + M3isinh^(— ) + ^-(^33 - Uu)-jSmh{Jv), 

Jv Jv 1 

S{uii) = Miicosh^(— ) - M33sinh^(— ) + i-{ui3 + M31) Jsinh( Jv), 

Jv Jv 1 

S{u33) = W33COsh^(— ) - itiisinh^(— ) - i-{ui3 + U3i)Jsmh{Jv), 

S{U22)=U22- (11) 

Remark. Coproduct and counit of 30^(3; j; a) are the same for any per- 
mutation a. Only antipode, commutation and (t';_7')-orthogonality relations 
are depend on a. 

For ji — ii quantum Euclid group E^{2) — 5'0^(3; ti, ^2; ctq), J — li 
is obtained. Prom (v; j)-orthogonality relations it follows un — 1, 1^22 = 
■^^33) '^23 = """321 and from i?[/[/-equations it follows that all these generators 
commute and generate rotation group 5*0(2). Therefore it is naturally to 
introduce new notations M22 = M33 = cos 99, M23 = sin 93 = — M32, and rewrite 
generating matrix as 

/ 1 biUi2 iiMi3 \ / ■ O O \ 

C/(ti;cro) = iiU2i COS 9? sin^? ~ • • , (12) 
\ titt3i — sin (/? cos </? / \ • / 

where from (v; j)-orthogonality relations it follows 

U2I = -(lil2C0S(/? + Wi3Sm(/7 + Z-Sm(/7), 

V 

U31 — Ui2 sin (p — Ui3 cos (p + — cos </?). (13) 

Here and later distribution of nilpotent parameters among elements of gen- 
erating matrix is shown with the help of notations: o — li, • — L2, x — liL2- 
(Let us remind that this distribution is symmetric relatively diagonal). Dots 
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denote complex elements. Commutation relations of independent generators 
are as follows 

[ui2, sin ip] = iv cos — cosip), 
[sin ip, U13] = iv simp cos ip, [ui2,ui3] = ivuu- (14) 
Coproduct of quantum Euclid group is given by 

A-U12 = 1 (S> U12 + U12 ® cos ip — ilui'i ® sin ip, 

Ami3 = 1 ® Ml3 + U12 ® sin (y9 + M13 ® COS V9, 

A sin (y9 = cos ip ® sin ip + simp ® cos v?, Ay9 = 1 ® ip + ip ® 1^ (15) 
antipode is as follows 

S{ui2) = —Ui2 COS (f — Ui3 sin ip, S^uis) = — M13 cos ip + U12 sin 

S{v) = -y^, (16) 

and their counit is equal to zero: e{ui2) = e{ip) = e^Uis) = 0. 

If U21, M31, ip are taken as independent generators, then equations (fTS|) - 
fll6|) are rewritten in the following way: from (f ; j)-orthogonality relations 

.V . 

U12 = —U21 cos ip + M31 sm — sm ip, 

V 

'Ui3 = — M2I Sin<^ — M31 COS(y9 — — COS(y9), (17) 

2 

commutation relations 

[m2i, sin ip] = iv cos (/^(l — cos*/?), 
[sin(^,M3i] = — if siny9cosv9, [m3i,M2i] = WU21, (18) 

coproduct 

Am2i = ^21 ® 1 + cos ® U21 + sinip® u^i, 
Am3i = M31 (g) 1 — sin (/? (g) U21 + cos V? ® M31, 

A(^ = lOV^ + V^®!, (19) 

antipode 

S{u2i) = —U21 COS ip + M31 sin ip — iv sin 

5'(u3i) = — U31 COS(/? — U21 Sin(y9 + Zt>(cOS(/9 — 1), S'((/?) = — (/9 (20) 
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and counit e{u2i) = e{ip) = e^u^i) = 0. 

Under contraction j2 = ^-2 quantum analog iV°(2) = 5*0^(3; ji, L2; ctq), J 
L2 of cylindrical group or Newton group A^(2) is obtained. Similarly to 
previous case with the help of (f , j)-orthogonality relations the generating 
matrix may be written in the form 



U{L2;cro) 



I cosip sinip L2U1S 
— simp cosip L2U23 



/ ■ 



(21) 



where 

V 

U31 = U23 sinip - ui3 cos^jj + z-(l - cosip), 

V 

U32 = -U23 cosijj - Mi3 sini/j - i- sinip, (22) 

and independent generators are subject of commutation relations 

[sin?/', M23] = iv cos'?/'(cos'?/' — 1), 

[m23,mi3] = it;-U23, [sin-?/',Mi3] = if sin-?/'cos'?/'. (23) 
Hopf algebra is defined by coproduct 

A{smilj) = cosip ® sinip + sinip ® cosip, A{tp) = l^ip + ip^l, 

Auis = ^^13 ® 1 + cosip ^13 + sinip ® U23, 
A-U23 = M23 ® 1 + cos ® M23 - ii sin ^p (g) U13, (24) 

by antipode 

V 

S{ui3) = U31 + i-{u33 - Mil) = U23Smi) - Mi3COS^ + if (1 - COS tp) , 

S{u23) = U32 - i^jlui2 = -M23Cos^ - Mi3sinz^ - ivsmip, S{ip) = -ip, 

(25) 

and by counit e{ip) = e(f 13) = e(f 23) = 0. 

The distribution of Li in matrix (fT^ is passed to the distribution of 
L2 in matrix (|?T|) under refiection on secondary diagonal and simultane- 
ous substitution J = ii by J = ^2- This means that the quantum Euclid 
group -E°(2) = S0y{3] Li, 1; o"o) is isomorphic to the quantum Newton group 
N^{2) = S0y{3] 1, L2] (To) as well as in nondeformed case. Under substitution 
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M31 on Ui3, U21 on M23, ^ on —■?/', f on —v commutation relations (fT5|) are 
transformed in (|23p . coproduct (|19|) is transformed in (|24p and antipode — 
in (123). 

Two-dimensional contraction ji = ii, ^2 = '■2 gives quantum Galilei 
group G°(2) = S'0^(3; 61, 62; ctq), J = ^1^2- With the help of (f; j)-orthogonality 
relations the generating matrix may be written in the form 



^ 1 

-ilMl2 1 ^2^23 I ~ I • • I , (26) 

V '•l'-2M31 -'•2M23 



'•l'-2Ml3 ^ 












1 J 







where M31 = —^13 + 'Ui2'U23, and independent generators satisfy commutation 
relations 

[^il2,M23] = 0, [^23,^13] = ivU23, [Ul2,Ui3\ = WUi2- (27) 

Hopf algebra structure is given by coproduct 

A-U12 = l®Ui2 + Ui2 ® 1, Am23 = 1 ® ^23 + M23 ® 1, 

Ani3 = 1 ® Mi3 + Ui3 ® 1 + Ui2 ® U23, (28) 

antipode 

S{Ui2) = -Ui2, S{Ui3) = -Ui3 + M12M23, 5'(m23) = "^23 (29) 

and standard counit e{ui2) = e^ui^) = 6(^23) = 0. 



5.2 Quantum groups S0y{3; j; a), a = (2,1,3) 

Deformation parameter is transformed by multiplication on J = {ai,as) = 
(2,3) = j2- Commutators, (f , j)-orthogonality relations and antipode are 
easily obtained from corresponding formulas of SOzi'i) = 50^(3; j = l;cro) 
by interchange of indices 1 and 2 and then by standard reconstruction of 
contraction parameters j. In particular, generating matrix is as follows 

/ M22 jiU2i 32U23 \ 

U (j; CX) = jiMi2 Mil jl j2Ml3 , (30) 
V 72^32 jlj2M31 M33 / 

Commutation relations of independent generators are 

il Kl, M13] = i — iwh{j2v)uii{u22 - U33), 
32 



14 



[u23, un] = I — (coshj2t^ - 1)m23 " i— sinh(j2f )m33 i , 

[J2 32 ) 

Ki, M23] = \ — (coshjat^ - 1)m23 + i— sinh(j2f )m22 \ M2i- (31) 

[j2 J2 J 

Antipode is easily obtained by the transformations of (fTTj) 

V \ V 

S{u2i) = Mi2Cosh(j2-) +ij2«i3— sinh(j2-), 

^ J2 ^ 

V \ V 

Siuu) = M2icosh(j2-) +ij2W3i— sinh(j2-), 

^ J2 ^ 

f If 

S'(mi3) = M3icosh(j2-) - ^21— sinh(j2-), 

^ J2 ^ 

■y 1 "y 

S'(m3i) = Mi3Cosh(j2-) - W12— sinh(j2-), 

Z J2 Z 

D 1) \ 1 

S{u23) = M32Cosh^(j2-) + U23sinh^(j2-) + (%3 " M22) — sinh( ^2^^) , 
Z Z Z j2 

%) u \. 1 

5(^32) = M23COsh^(j2-) + M32sinh^(j2-) + «-(m33 " M22) — sinh(j2t') , 
Z Z Z j2 

S{U22) = M22COsh^(j2-) - M33Sinh^ ( j2 -) + -(^23 + M32)j2Sinh(j2t^) , 
S{u3s) = Us3COsh'^{j2-) - M22sinh2(j2-) - -(m23 + M32)j2Sinh(j2f ), 

S{uu)=uii. (32) 

Coproduct and counit are not changed and are given by (jlUj) . which corre- 
spond to identical permutation ctq. 

Contraction ji = Li left deformation parameter fixed since J = j2 = 1 
and gives new quantum Euclid group Ez{2) = SOzi^; Li,l;a) with the 
matrix 

/ cosip iiU2i sirup 
U{Li]a)= L1U12 1 iiMi3 I ~ I ■ ° I ' (33) 

y — map Liu^i cos(p> 

where generators are 

Mil = 1, -"22 = -"33 = COS(/?, M23 = -'"32 = sin(^, 





(■ ° 
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1^12 C0S((/? - i^) = -{U2l + Ui3 sin((/? - i^)), 
V V 

U31 cos((/7 - i-) = -(tii3 + U21 sin((/7 - i-)), (34) 
and the following commutation relations 

z z 
[U2i,ui3] = 0, [ui3,sm(p] = 2isinh-tii3 cos((^ - i-), 

Z Z 

[ti2i, sin (f] = 2isinh- cos((^ + i-)u2i (35) 

are holds. Antipode is given by 

z z z z 

S{u2i) = Mi2Cosh- + raiasinli-, S{uis) = wsicosh- - m2isinh-, 

S{<p) = -<p, (36) 

and coproduct is in the form 

Auis = 1 <8) Mi3 + Mia ® cos + Ui2 sin (/?, 

Ait2i — COS (g) 1*21 + U21 (8) 1 + sin (8) M31, Ac/? — l<^(p + (p(^l. (37) 

Quantum Newton group iV^(2) = 50^(3; 1, ^2; c"), J = t2 is described 
by relations W33 = 1, = 1*22 = cos'^, 1*21 = sin'^ = —1*12, i-e. the 
generating matrix is in the form 

(cosip sinip L2U23 \ / • • • ^ 
-sinV' cosV' i2Ui3 \ ^ \ • • ) (38) 
L2U32 t2U31 1 / V • / 

where 

V 

U31 — —Ui3 COS ip — U23 sinijj — i- sin ijj, 

V 

U32 = -W23COSV' + Ui3sm'tp + - cosijj), (39) 
and commutation relations 

[sin'^,tii3] = cos'0(cos'?/^ — 1), 
[sin ■0, 1*23] = cos sin ■0, [1*23, 1*13] = -ivux3 (40) 



16 



are holds for independent generators. Antipode is given by 

S{ui3) = — Mi3 COS ip — U23 sin Tp — iv sin S{ip) = —i'l 

S{u23) = -U23 cosip + Mis sin t/; + iv{l - cos?/'), (41) 
and coproduct is 

Alp = l(S)'p + 'p<^l, Am23 = ^23 (S) 1 + COS tp (S) U23 + smtp ® U13, 

Ami3 = ^13 ® 1 + COS -p (8> Ui3 — sinip U23. (42) 

Generating matrices (jHHj) and (PT|) are equal from the viewpoint of nilpo- 
tent units distribution, while formulae (jHUjl - P^ pass to (j^ - (f^ under 
substitution U13 on U23 and U23 on U13. Thus, both quantum groups are iso- 
morphic N^{2) ~ N^{2) ~ El{2). 

For quantum Galilei group Gv{2) = S0y{3; li,L2;(j), J = L2 it follows 
from (t;, j)-orthogonality relations that Uu = U22 = U33 = 1 and generating 
matrix takes the form 

^ 1 iiUai L2U23 \ ( ' ° * \ 
U{L;a)= -iiUu 1 '-1^2^*13 ~ ' ^ ' ^^^^ 
\ -L2U23 L1L2U31 1 ) \ ■ I 

where M31 = — ^13 — U21U23 + «|m2i, commutation relations are 

Kl,Ml3] = 0, [m23,Mi3] = -ivUi3, [m21,M23] = ivU2l, (44) 

antipode may be written as 

S{u2l) = -U21, S{U23) = -U23, S{Ui3) = -Ur3 - U21U23, (45) 

and coproduct is 

Am21 = 1 (g) U21 + U21 ® 1, Am23 = 1 ® ^23 + M23 ® 1, 

Ami3 = I ^ Ui3 + Ur3 ® I + U21 ® M23- (46) 

Let us stress that (7^,(2) is not isomorphic to ^^(2), in spite of the fact 
that both matrices (f^H|) are equivalent from the viewpoint of nilpotent 
units distribution, but deformation parameters are transformed in a different 
ways, namely, with multipliers J = L2 and J = L1L2 respectively. Therefore 
commutation relations (P7|) . (jUj), antipodes (j^ . (^3)) and counits are passed 
in each other under substitution M13 on ^23 and vice versa, but in coproduct 
A('Ui3) is not passed in A(-U23) from (^Hjl . 
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5.3 Quantum groups S0y{3; j; a), a = (1,3,2) 

Deformation parameter is multiplied by J = {ai,as) = (1,2) = ji. Commu- 
tators, (f , j)-orthogonality relations and antipode are easily obtained from 
corresponding formulas of 502(3) = SO^^S; 1, 1; (Tq) by interchange of indices 
2 and 3 and then by standard reconstruction of contraction parameters j. In 
particular, generating matrix is as follows 



f/(j;^) 



^ Un jlj2Ul3 jlUu 

jlj2U31 U33 j2U32 I • (47) 
V jlU21 J2M23 U22 



For ji = Li quantum Euclid group Ev{2) = 80^(3; a) is obtained 
with generators 

/ 1 L1U13 L1U12 \ / • o o \ 
U{Li]a)= iiUsi cosif siny) ~ ■ ■ . (48) 

\ i^iU2i —simp cosif J \ ■ I 

As far as the generating matrix PHj) is equal to ()12|). then Ey{2) is isomorphic 
with £'^(2) and therefore do not present a new quantum group. 

Quantum Newton group Nz{2) = SOzi^; 1, L2', o") is described by un- 
touched deformation parameter z, generators M33 = 1, Uii = U22 = COSIp, U12 - 
sinip = —U21, which are arranged in matrix form 



U{l2;(t) 



I 



\ 




(49) 



This quantum group as Hopf algebra is isomorphic to quantum Euclid group 
Ez{2) with untouched deformation parameter (J = 1), since the generat- 
ing matrix (j49p is equal to (j33|) . if instead of 62 put ti. Finally, quantum 
Galilei group Gv{2) = 5'0„(3; Li, 62; a) is characterized by J = Li, diagonal 
generators are equal to one un = U22 = M33 = 1, and generating matrix is as 
follows 
















1 J 







U{L]a) = L1L2U3I 1 ^2^32 ~ ■ • • (50) 



The nilpotent parameters distribution of pass in ()43|) under exchange 
ii and 62 ; and simultaneous reflection with respect to secondary diagonal. 
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Therefore, Gy{2) is isomorphic to G^(2). Thus the permutation a — (1, 3, 2) 
do not lead to new contracted quantum groups. 

6 Quantum groups S0v{4:]j]a) 

In this section aU nonisomorphic contractions of 150^(4) arc enumerated. 
Deformation parameter is multiphed on J = (ai, U (a2, 0-3), which is equal 
to J = J1J2J3 for permutation ctq = (1, 2, 3, 4) and J = J1J3 for a' — (1, 3, 4, 2). 
There are not other values of J. Above-mentioned values of J correspond to 
nonisomorphic on the equal parameter number contracted quantum groups 
which have nonequivalent generating matrices for permutations ctq and a'. 

One-dimensional contractions. For ji = ti, J = ti quantum Eu- 
clid group -£'^(3) = 5'0^(4; ti; (To) is obtained. For j2 — 12 there are two 
nonisomorphic quantum Newton groups: Ny{3) — SOy{4:; L2; (To), J — i2 
and Nz{'i) = S0z{4:; L2', cr') with J = 1. Two-dimensional contractions. 
For ji = Li,j2 = L2 two nonisomorphic quantum Galilei groups: ^^(3) = 
S'0„(4; ti, 62; ctq), J = i'ii'2 and G^(3) = 5'0^(4; ti, <.2; cr'), J = ii are ob- 
tained. Contractions ji — ii, ja = iz gives in result quantum groups 5'0„(4; ti, ta 
J = iita, which has not special name. Under maximal three-dimensional 
contractions ji = ii,j2 = '-2,^3 = '•a two nonisomorphic quantum flag 
groups: Fy{A) = 50^(4; l; ctq), J = LiL2i3 and F^(4) = S0w{4:; l; a'), J = LiL^ 
are obtained. 





/ • 


000^ 
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SOy{A;Li,L3;cro) 



/ • o o A \ 

•k 



V 



J 



\ 



X (g) o \ 

■ 

■ J 



where A = 63, -k = lil^, = i2i3, ® = L.ii2t-3. 

Thus, for quantum case there are eight different contracted groups while 
for classical group SO (A) there are only five nonisomorphic contracted Caley- 
Klein groups. 



7 Quantum groups SOv{b]j]a) 

Deformation parameter is multiplied on J = (ai, a^) U ((72, a^), which is equal 
to J = ji323z3i for permutation ctq = (1,2,3,4,5), equal to J = jij2jz for 
permutation cr^ = (1,2,5,3,4), equal to J = 3i323i for permutation o"^ = 
(1,4,2,5,3), equal to J = J1J3 for permutation = (1,3,5,4,2), equal to 
J = J1J4 for permutation = (1, 4, 3, 5, 2), equal to J = J2J4 for permutation 

= (2,4,1,5,3), equal to J = jij^j^ for permutation cr^ = (1,3,4,5,2), 
equal to J = 323^3 for permutation cr^ = (2, 3, 1, 4, 5). 

If contractions only on parameters ji, J2 are considered, then two quantum 
Euchd groups: -E'„(4) = S'0„(4; ti; (Jq), J = ii and £"2(4) = SOz{^] ti; cr^), J ^ 
1 with distribution of nilpotent parameters in the form 



0000 



V 



■ I 



\ 



000 



V 



two quantum Newton groups: iV,u(4) = 50^,(4; ^2; Co); J — I2 and ^^{^ 
SOz{^\ i2] cr^), J = 1 with generating matrices 



/••... \ 
• • • • 



I ■ 
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and two quantum Galilei groups: (7^(4) = 5'0^(4; ^1^2; Cq), J — ^1^2 and 
Gz{^) — 5'0^(4; tii2; c"^), J — ii with generating matrices 



^.(4) 



XXX 



V 



J 



X O X X 



V 



As compared with the case = 3 two quantum Newton groups are added. 

In all discussed examples for N = 3, 4, 5 the number of nonisomorphic 
quantum analogues of the corresponding classical groups is equal two. It 
may be think that this number for any contractions do not exceed two. 
But this is not so. The number of nonisomorphic quantum analogues of 
the classical Caley-Klein groups is increased when the number of nilpotent 
valued contraction parameters is increased. For example, under maximal 
contraction jk = ik,k = 1, ... ,4 five quantum analogues of the flag group 
F(5) = S0{5;i) are obtained, namely: Fv{^) — SOy[5', l] cq), J — iiL2tsL4; 
F^^(5) = 5'0^i(5;t;cr^), J = ^1^243; F^^{5) = SO^^{5; L;a'^), J = L1L2L4; 
F^3(5) = S0^^{5;L;a^), J = ii^a; -F^4(5) = S0^^{5; l; a"^), J = L1L4. All 
they have generating matrices with nonequivalent distributions of nilpotent 
parameters. 
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Appendix 1 

i?-matrix of quantum group SOq{N) in Cartesian basis 



Rq^(D0 D)R{D D)-^ = 



1 ^ X ^ 

= J2(^kk<^^kk+ekk<^ek'k') + -^ ^{ek>k®ekk'-ek'k®ek>k) 
^ fc=i ^ k=\ 

^k',n+l ® ^n+l,k' ~ '^^k',n+l ® ^n+l,k + i^k,n+l ® ^n+l,k' + ^k,n+l ® ^n+l,k 

^ k=l 
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A " 

-Tj X] (-^efe',n+i®efc,„+i+efc/,n+i(8)efc',n+i+efc,„+i(8)efc,„+i+iefc,„+i(8)efc',„+i 
+i^n+i,k ® e„+i^fc/ + e„+i_jfc (8) e„+i_jfc + en+i,k' <8) e„+i^fe/ — ie„+i^fe/ (g) e„+i_jk) 

^ k,p=l 

+ekipi (8) Cpk + Ck'p' Cp'k' + isk'p' Gpik — iek'p' ® Cpk' 
+iek'p ® Cpk + iek'p ® Vfe' ~ ^k'p (H) e^/fe + e^/p 6^^/ 
-iefcp' (g) Cpk - iekpi ® Cp'k' + ekp' (8) Cp'k - ekp' Cpk') 
A ^ 

-- X q^''~''''{ekp^ek'p' + Ckp^Ckp + iekp^ekp' -iekpf^ek'p 
^ fc,p=i 

+ek'p' <8) Cfc'p' + Cfc'p' ® efcp + ick'p' ® e^p' — icfc/p/ ® e^'p 
+iejk/p (8) ejty + iek'p <8) e^p - e^/p (g) e^p/ + e^/p e^/p 
-iefep' (8) efe'p/ - ickp' <S> ekp + ekp' ® ekp' - ekp' <S) ek'p), A = g - q~^. 



Appendix 2 

Antipode of quantum group SOv{N; j; a) in Cartesian 

basis 

Antipode of Cartesian generators of quantum group SOy{N;j; a), N — 2n+l 
is obtained by formula 

S(U(j;a))^C,(j)U\j;a)C;\j) 

with the help of matrix Cy{j) = D^^Cy{j){D^)~^ in the following form 

S{Ua^a„+i) = Ua„+,ak COsh{Jvpk) + Wa.+ia,, sinh( J^;pfc), 

[ak, (Tn+l) 
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S{u„r^+la^) = ^a^Tn+l COSh(Jvpfe) + 

{Ok, CTn+l) 



«tia„+ia„+i_fc7z z ^smh{Jvpn+i-k), 



-^u^r.+i-kTn+iTZ 1 ^smh{Jvpn+i-k), 



(^n+l-fc) ^n+l) 

'5(lia„+ia„+i+J = 1i<T„+i+fca„+i COSh(J^;p„+i_fe) 
(C"n+l-fc, CTn+l) 

^i'^J'akTp) = ^<Tp<Tfc cosh(Jfpfc) cosh(Jfpp)- 
' sinh( J-upfc) smh{Jvpp) + 

[<7k,(^p) 

+i (u^payT^^^ smh{Jvpk) cosh{Jvpp)+ 

\ [C^kjCFp) 

+ ^cT„,afc 1^^' cosh{ Jvpk) smh{ J vpp)] , 

= Ma„+i+pa, COsh(Jwpfe) COsh( Jvpn+l-p) + 

+'»a„+i-pafc, ^"+i-p) smh(Jvpk) smh(Jvpn+i-p)+ 
(ua„+-,+^a^, ^n+i+p) sinh( J^pfc) cosh( - 

-^cTn+i-p^fc cosh( jT;pfc) sinh(jT;p„+i_p) ) , 

S{ua„+,+^a^) = '«(Tpa„+i+, cosh( J^;p„+l_fc) cosh(J^;pp)+ 
-<7„+i_fc ^ sinh(J^;pn+i-fc) sinh( jT;pp)+ 



{O'n+l+k, O'p') 



sinh( Jwp„+i_fc) cosh(Jwpp) , 

[(^n+l+k, CTp) ) 

cosh( Jf cosh( Jf 

("^n+l-fe) ^n-V\-p) ^.^ 
Cn+l+k, CTn+l+p) 



K^n+l-kT'^n+l-p) • 1/7 \ ■ u^T 
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T COSQ.yjVPn+1-k) Sm.Q.yjVPn^l-p) + 

\ \(Jn-\-\-\-k^ C>n+l+p) 

+Ua„+i+pan+i-k sinh(J^;p„+i_fc) cosh{Jvpn+i-p)] , (51) 

[CTn+l+k, CTn+l+p) ) 

where k,p = 1, . . . ,n. Antipode of quantum group SOy{N;j; a), N — 2n is 
given by above-mentioned formulae with the replacement n + 1 on n. 

Appendix 3 

(i), ji)-orthogonality relations of quantum group 

SOv{N; (t; j) in Cartesian basis 

Additional relations U{j; a)C^{j)U\j; a) = C^{j), where Cy{j) = D-'^C^{j){D^y'^ 
are in the form 

Urr^an+iUa^an+ii'^k, Crn+l){crp, Cr„+i) + 



n 



+ {'>^<TkasUapas{(^k, (^s){(^p, (^s) COSh{Jvps) + 



s=l 



((7fc, (7„+i+5)(c7p, an+l+s) COSh(Jvp„+i_s) + 



+i 



Uakar.+i-s'tJ'apan+i+si'^k, C^n+l-s) (c^p, CTn+l+s) Smh{Jvpn+l-s)- 
Uaka,,UapaA(^k,crs'){(7p,(7s)smh{Jvps)]} = 6kpCOsh{Jvpk), (52) 



Ua„+i+kO-n+i'^(T„+i+pa„+i{o'n+l+k, Cn+l) (^n+l+p, Crn+l) + 

n 

+ Yl {«a„+i+fea.Ma„+i+pa.(crn+l+fc, £7^) (a„+i+p, CT^) COSh(Jvp,) + 



+Uar,+i+k('n+i+s''^o-n+i+pan+i+s{'^n+l+k, Cn+l+s)(Cn+l+p, CTn+l+s) COSh( Ji>p„+i_5)-|- 



'^'n+l + fe'^'n+l-s "'0"n+l+pCr„_).l_|_g 



,C"n+l+fc5 C"n+l-s)(c"n+l+p; 0"n+l+s) sinh( Jt;p„+i_s) - 
-1ia„+i+fca,,1ia„+i+p<T.(0-n+l+fe, (7y)((7„+i+p, (7,) Sinh( Jvp,)] } = 

= 5fcpC0sh(jT;p„+i_fc), (53) 

1io-fcO-„+i1io-„+i+pO-„+i(Cfe, Crn+l)(Cn+l+p, Crn+l) + 

n 

+ Y {uak<TsUan+i+paA(^k, (7,) ((7„+i+p, (7,) COsh{Jvps) + 

s=l 
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fn+l+s^Cn+l+plTn+l+s 

(cTfe, (7„+i+s)((7„+i+p, (7„+i+5) COSh{Jvpn+l-s) + 



+i 



Ua^an+i-^Ua^^-^^ cT^^-^_^_^{ak, cr^+i.^) ((T„+i+p, (T„+i+s) Smh{Jvpn+l- 



((7fe, (7s/)((j„+i+p, as) smh{Jvps)] } = i(5„+i_fe,p sinh( Jt;pfc), 

(54) 



n 



+ 



s=l 



+^iCT„+l+fcCT„+l+,^io■pO■„+l+,(c^r^+l+fe, Crn+l+s){crp, CTn+l+s) COsh{Jvpn+l-s) + 

)((7p, (7„+i+s) sinh( J^;p„+i_J- 



n 

CTn+lTn+l 



O'n+l+fcO'n+l-s ' 

Ma„+i+fea,,M<Tpa,(0-n+l+fc, Cr^')(crp> (^s) sinh( Jvpj] } = Smh{Jvpp), 

(55) 

+ 13 {"L+iafel^^n+l, (Tkf COSh{Jvpk) + 
k=l 

+ul„+ia„+^+S^n+l, 0-n+l+fc)^ COSh{Jv Pn+l-k) + 

cry (o-n+1, crfe)(o-n+i, CTfe') sinh( Jvpfc)- 

o-n+io-„+i_fc(c'n+l) Crn+l+fe)(Cn+l) f^n+l-k 

)sinh(J^;p„+i_fc)]} = 1, 
(56) 

n 

i((7fe, (7„+i) + {^iafca,^ia„+i(T.(crfe, (Ts)(an+l,(Ts) COSh(Jvps) + 



+i 



S=l 

+Uakan+i+s^an+ian+i+si'^k, C^n+l+s) ("^n+l, "^n+l+s) COsh{Jvpn+l-s) + 

+i 



T„+ia„+i_,(0'fc,Crn+l+5)(0'n+l,(T„+i_s)sinh(Jupn+l-s)]} = 0, 

(57) 

n 
s=l 

+^iCT„+lO■„+l+,^io■fc<T„+l+,((Jn+l, (7„+i+s)((Tfc, (Jn+i+s) COSh( Jtip^+i-s)- 
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an+i+,(crn+i,an+i-s)(crk,an+i+s)si'nh(Jvpn+i-s) } = 0) 



(58) 



— z 



"^Cn+lO-n+l-s^f^+i+jtO-n+l+a ( 



n 

+ ^{'^<rn+i<T,Ua„+,+^as{(^n+U(^s){(^n+l+k,(^s) COsh{Jvps) + 
s=l 

+1i(T„+io-„+i+3'^o-„+i+fc<T„+i+s(Cn+l, Crn+l+s)(Cn+l+fc, CTn+l+s) COSh( Jl^p^+i-^) — 

O'n+H-fe, 0"n+H-s)(0"n+l, O'n+l-s) Sinh(jvp„+i_s) } = 0, 

(59) 

+ {'^Tn+l+kTs'^Tn+l<Ts((^n+l, (J^) ((7„+l+fe , (7s) COSh( 7^;^^) + 

C^n+l+fe, (^n+l+s){(^n+l, C^n+l+s) COsh( Jvp„+i_5) + 

^i(T„+l+fc(T.^i(T„+la,,((7n+l+fc, (75)((7„+i, as') sinh{Jvps)- 

Mf7„+if7„+i_,(crn+l+fe, crn+l+s)(0"n+l, CTn+l-s) Sinh(ji;p„+i_s) } = 0, 

(60) 

and additional relations C/*(j; (j)C^ ^{j)U{j; a) — ^{j) are equal 

n 

aMn+l^ 0-fc)(<7n+l, Crp)+Yl {'^a^ak'^asapicrs, Crk){crs, CTp) COsh{Jvps) + 



s=l 



~l~'^(T„+i+fc(Tn+l+s^Cn+10'n+l+s ' 



+i 



—u 



fn+l + fcO'n+l + s 



S=l 



+Uan+i+sakUa„+i+sap{crn+l+s, C^fc) (c^n+l+s, CTp) COSh{Jvpn+l-s) + 



+i 



^an+i+,ap{crn+i-s,crk){crn+i+s,crp)smh.{Jvpn+i-s) } = SkpCOsh{Jvpk), 



>s, C^n+l+fc)(c^s, C^n+l+p) COSh( Jwp^ 



+1io-„+i+s(T„+i+fc1i(T„+i+sO-„+i+p(Cn+l+s, Crn+l+fe)(Cn+l+s, CTn+l+p) COSll( jT;p„+i_5) + 



'as', an+i+k){crs, cXn+i+p) sinh(Jvps)- 
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"'O'n+l-sO'n+l+fc ""fn+l+aCn+l+p 



n 



i'^n+l-s, '^n+l+k){'^n+l+s, "^n+l+p) Sinh( J^;p„+i_5) 

= SkpCOsh.{Jvpn+l-k), 
M(7„+io-feMcrn+io-„+i+p(c"n+l, Crfc)(c"n+1, Crn+l+p) + 

+ {'^<7s'Tk'^Ts'Tn+l+p{(^S, (Tk)i(Ts, (^U+l+p) COSh{jvPs) + 

s=l 

n+i+sCrk'^dn+i+sCTn+i+pi^n+l+s, C^fc) (^n+l+s , CTn+l+p) COsh.[Jv Pn+l-s)''r 
+i Ua^,akUa,an+i+picrs', (Jk){as, (Tn+l+p) Smh{Jvps)- 
—Uar,+i-sak''^a„+i+scr„+i+p{(^n+l-s, CTfc) (c^n+l+s, C^n+l+p) sinh( Jwp„+i_s) | = 

= -iSn+i-k,pSmh{Jvpk), 

n 

UasCTpicTs, crn+i+k){crs, CTp) cosh{Jvps)+ 

s=l 

+Ua^+i+,a„+i+k'^an+i+s<Jpi'^n+l+s: (7„+i+fe) ((7„+i+s, (7p) COSh( J'yp„+i_5) + 
[ua^,ar,+i+k'tJ'Tsap{crs', (7n+i+fc) ((7^, (7p) Sinh(J^;p5)- 

0- „+i+,<Tp((7-n+l-s,0-n+l+fc)(crn+l+s,0-p)sinh(Jt'p„+l_s) | = 

iSn+i-k,p smh{Jvpp), 

1- n+l + E {wa,a„+i(^fc,C^n+l)^COsh(Jvpfc) + 
fc=l 

+'"a„+i+fc<T„+i (o-n+l+fc, (7n+l)^ COSh( Jvp„+i_fc) + 

'"<T„+i+fecr„+iMcr„+i_fca„+i(o-„+i+fc, (T„+i)(a„+i__A;, 0"n+l) sinh( Jf p„+i_fc) - 

-^i<Tfca„+l^iafc,a„+l(crfe,(7■n+l)((7•fc',(7„+l)sinh(J^;pfe)]} = 1, 



"^fn+l-sCn+l+fc^ 



p=l 



+1io-„+i+pO-fc1i(T„+i+p(T„+i(Cn+l+p, Crfc)(Cn+l+p, CTn+l) COSh( Jl>p„+i_p) — 



— ? 



(dp, crfc)(cTp/, CT„+i) sinh(Jt;pp)- 
-^ia„+l+pafc^ia„+l-pCT„+l((^n+l+p,<7fe)((7n+l-p,(7n+l)sinh(J^'p„+l_p) } = 0, 
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1*CT„+liTn+l'^0-„+l(Tfc('^n+l) '^fe) + 

n 

+ {«cTj,a„+i'"aj,afc((^p, 0-n+l)((^p, 0"*;) COsh(Jvpp) + 
p=l 

+^i(T„+l+pa„+l Ma„+i+pafe (o-„+l+p, C^n+l ) (o^n+l+p , C^fc) COsh( J + 
-■liCT„+i+pCT„+i'"'cT„+i+p<Tfc(crn+l+p, Crn+l)((7n+l+p, CTfe) Sinh(J'Up„+i_p) } = 0, 

'Wcr„+io-„+iMo-„_,_i(7„_,_i_^j.(cr„_|_i, an_|_i_|_fc) + 

n 

+ {'^<Tp<Tn+i'^<Tp<y„+i+k((^P^ (Tn+l)((Tp, (Tn+l+k) COSh(Jvpp) + 
p=l 

+1i<T„+i+pO-„+i1*o-„+i+pO-„+i+/fe(c"n+l+p, <^n+l){<^n+l+p, <^n+l+k) COsh.{Jvpn+l-p) + 
+i [ua^,an+iUapa^+i+k{(^p', (7n+l)((7p, (7n+l+fe) Sinh(Jvpp)- 

-MCT„+i_pCT„+iMCT„+i+p(T„+i+fe(c^n+l-p, Crn+l)(0'ri+l+p, 0"n+l+fc) Sinh(jt;p„+l_p) } = 0, 
1*c7„+i(T„+i+fc'^<T„+io-„+i ("^n+l) Cn+H-A;) + 

n 

+ {«<^p<^„+i+fc'"'Tj,(T„+i(o-p, (7„+i+fc)((7p, (7n+i) cosh( Jt;Pp)+ 

p=l 

+1i(T„+i+p(T„+i+fc1io-„+i+pO-„+i(Cn+l+p, 0-n+l+k){0'n+l+p, O'n+l) COSh.{J V Pn+l-p) — 

i(T„+i_pO-„+i(Cn+l+p, Crn+l+fe)(c"n+l-p, CTn+l) sinh(Jt'p„+i_p) } = 0, 

(61) 

where k,p = 1, . . . ,n. (w, j)-orthogonality relations of quantum group SOy{N;j; a), 
N — 2n are given by above-mentioned formulae with the replacement n + 1 
on n. 



—I 



28 



References 

[1] Reshetikhin N.Yu., Takhtajan L.A. and Faddeev L.D. Quantization of 
Lie groups and Lie algebras. Algebra i Analiz, 1989, vol.1, pp. 178-206 
(in Russian). Lengingrad Math.J., 1990, vol.1, pp.193-225. 

[2] Inonii E. and Wigner E.P. On the contractions of groups and their rep- 
resentations. Proc. Nat. Acad. Sci. USA., 1953, vol.39, pp.510-524. 

[3] Vaksman L.L. and Korogodskij L.l. Algebra of bounded functions on the 
quantum group of plane motions and q-analogues of Bessel functions. 
Dokl. AN SSSR, 1989, vol.304, p. 1036-1040. (in Russian), Soviet Math. 
Dokl., 1989, vol.39, pp.173-1040. 

[4] Celeghini E., Giachetti R., Sorace E. and Tarlini M. Three dimencional 
quantum groups from contractions of SU{2)q. J. Math. Phys., 1990, 
vol.31, pp.2548-2551. 

[5] Celeghini E., Giachetti R., Sorace E. and Tarlini M. The quantum 
Heisenberg qroup H{l)g. J. Math. Phys., 1991, vol.32, No.5, pp.ll55- 
1158. 

[6] Schupp P., Watts P. and Zumino B., The two-dimensional quantum 
Euchdean algebra. Lett. Math. Phys., 1992, pp.141-145. 

[7] Ballesteros A., Herranz F.J., del Olmo M.A. and Santander M. Quantum 
structure of the motion groups of the two-dimensional Cayley-Klein 
geometries. J. Phys. A: Math. Gen., 1993, pp.5801-5823. 

[8] Celeghini E., Giachetti R., Sorace E. and Tarlini, M. The three- 
dimensional Euclidean quantum group E{3)q and its R-matrix. J. Math. 
Phys., 1991, vol.32, No.5, pp.1159-1165. 

[9] Gromov N.A. Contractions of the quantum matrix unitary groups. In 
Proc. XIX Int. Coll. Group Theor. Meth. in Phys., Salamanca, Spain, 
June 29 - July 4, 1992, Analcs dc Fisica. Monografias, Eds. M.A. del 
Olmo, M. Santander and J. Mateos Guilarte, Madrid: CIEMAT/RSEF, 
1993, pp.111-114. 

[10] Gromov N.A. The matrix quantum unitary Cayley-Klein groups. J. 
Phys. A: Math. Gen., 1993, vol.26, L5-L8. 



29 



Ballesteros A., Herranz F. J., del Olmo M.A. and Santander M. Quantum 
algebras for maximal motion groups of N-dimensional fiat spaces. Lett. 
Math. Phys., 1995, pp.273-281. 

Zaugg P. The 7-Poincare quantum group from quantum group contrac- 
tion. J. Phys. A: Math. Gen., 1995, pp.2589-2604. 

Sobczyk J. Kappa-contraction from SUq{2) to E^{2). Czech. J. Phys., 
1996, vol.46, pp.265-270, q-alg/9603008, 

Maslanka P. The Eg(2) group via direct quantization of the Lie-Poisson 
structure and its Lie algebra. J. Math. Phys., 1994, vol.35. No. 4, 
pp.1976-1983. 

Schlieker M., Welch W. and Weixler R. Inhomogeneous quantum groups 
and their quantized universal enveloping algebras. Lett. Math. Phys., 
1993, pp.217-222. 

Ballesteros A., Celeghini E., Giachetti R., Sorace E. and Tarlini M. An 
i?-matrix approach to the quantization of the Euclidean group E{2). J. 
Phys. A: Math. Gen., 1993, vol.26, pp.7495-7501. 

Hussin v., Lauzon A. i?-matrix method for Heisenberg quantum qroups. 
Lett. Math. Phys., 1994, pp.159-166. 

Aschieri P. and Castellani L. R-matrix formulation of the quantum inho- 
mogeneous groups ISOq^riN) and ISpg^riN). Lett. Math. Phys., 1996, 
pp. 197-211. 

Gromov N.A. Contractions and Analytical Continuations of Classical 
Croups. Unified Approach, Komi SC, Syktyvkar, 1990 (in Russian). 

Gromov N.A., Kostyakov l.V. and Kuratov V.V. Quantum Cayley-Klein 
Groups and Spaces. In: Algebra, Differential Equations and Probability 
Theory, Komi SC, Syktyvkar, 1997, pp. 3-29 (in Russian). 

Ballesteros A., Gromov N.A., Herranz F.J., del Olmo M.A. and San- 
tander M. Lie bialgebra contractions and quantum deformations of 
quasi-orthogonal algebras. J. Math. Phys., 1995, vol.36, pp. 5916-5936, 
|hep-th/ 9412083| 



30 



[22] Gromov N.A. Contractions of algebraic structures and different cou- 
plings of Cayley-Klein and Hopf structures. Turkish J. Phys., 1997, 
vol.21, No.3, pp.377-383, |q-alg /9602003[ 



[23] Gromov N.A., Kostyakov I.V. and Kuratov V.V. Possible contractions 
of quantum orthogonal groups. In: Algebra, Differential Equations and 
Probability Theory, Komi SC, Syktyvkar, 2000, pp. 3-28 (in Russian). 

[24] Gromov N.A., Kostyakov I.V. and Kuratov V.V. Possible contractions 
of quantum orthogonal groups. Phys. Atom. NucL, 2001, vol.64. No. 12, 
pp.1963-1967. 

[25] Gromov N.A., Kostyakov I.V. and Kuratov V.V. On contractions of 



quantum orthogonal groups. Preprint: math.QA/0209158 



[26] Gromov N.A. and Kuratov V.V. Quantum Cayley-Klein groups 
SOv{N] j; a) in Cartesian basis. In: Algebra, Geometry and Differen- 
tial Equations , Komi SC, Syktyvkar, 2003, pp. 4-31 (in Russian). 



31 



